Abstract. We introduce a renormalized Lindstedt series for the oscillatory solutions of nonlinear wave equations (like the nonlinear KleinGordon and sine-Gordon) with Dirichlet boundary conditions, and we prove its convergence via Renormalization Group methods.
Introduction
We consider the nonlinear wave equation in d = 1 given by u tt − u xx + µu = f (u), u(0, t) = u(π, t) = 0.
(
where µ is a positive real parameter (mass) and f (u) is an odd analytic function (perturbation):
for some real constants F and ξ. Let us call M = inf {s ≥ 1 : f s = 0} . where ω m = m 2 + µ and θ m is an arbitrary phase. In particular ε cos ω 1 t sin x (1.7)
is a solution for all values of the real parameter ε. If a nonlinear term (perturbation) is added to the wave equation (f = 0) one can ask if periodic solutions close to (1.7) exist. This is not a trivial problem because, as we shall see later, small divisors appear of the form −ω 2 1 n 2 + ω 2 m , with m ≥ 2, and they can be arbitrarily small when n and m are large. We look for which conditions the periodic solution (1.7) can be continued for f = 0 into u(x, t; ε) = n∈Z m∈Z e inΩt+imxû n,m (ε), (1.8) possibly with a different frequency Ω, with Ω = ω 1 +O(ε). Of course by the symmetry of (1.1) if such a solution exists it verifieŝ u n,m = −û n,−m =û −n,m (1.9) for all n, m ∈ Z (here and henceforth we shortenû n,m (ε) withû n,m ).
Remark 1.
For finite dimensional Hamiltonian systems existence of periodic orbits follows from the Lyapunov center theorem [18] , which states that, for a Hamiltonian system with an elliptic equilibrium at 0, by denoting with ω 1 , . . . , ω n the frequencies of the linear oscillations close to 0, if a nonresonance condition holds, namely if ω 1 is such that ω 1 ℓ − ω j = 0 for all ℓ ∈ N and for all j = 1, then the periodic solution of the linearized system with frequency ω 1 and small amplitude can be continued into periodic solutions with frequency close to ω 1 . Existence of periodic orbits in the case in which the frequencies are possibly resonant was proved by the Weinstein theorem [21] . The infinite dimensional case poses difficulties which are qualitatively different with respect to the finite dimensional case; the denominators can be arbitrarily small and the problem appears to be related to KAM problems, like the existence of lower dimensional tori in a Hamiltonian system.
We shall prove the following result.
Theorem 1.
There exists a set M ⊂ R of full Lebesgue measure and for all µ ∈ M there exist ε 0 > 0 and, for all ε * ∈ (0, ε 0 ), a set E ⊂ [−ε * , ε * ] with complement of relative Lebesgue measure tending to 0 as ε * → 0 such that for all ε ∈ E there exists a value Ω(ε) such that u(x, t; ε) in (1.8) , with Ω = Ω(ε), is a solution of (1.1) , analytic in (x, t) and 2π/Ω(ε)-periodic in t, with
|u(x, t; ε) − ε cos Ω(ε)t sin x| ≤ C|ε| M , (1.10)
for a suitable constant C.
Remark 2. Theorem 1 can be immediately extended to equations of the form
u tt + Du = f (u), (1.11) where D is a self-adjoint strictly positive operator with non-degenerate eigenvalues µ k such that µ k ≥ ck γ with c, γ ≥ 1 positive constants and such that, if γ > 1,
) for all k ′ − k = ℓ ≥ 1 and with c ℓ , ξ > 0. One can also study the problem of persistence of an unperturbed periodic solution with any other frequency ω m , m = 1, and a result analogous to theorem 1 can be easily proved.
Remark 3. Physically (1.1) describes a string subjected to an external force g(u), depending only on the displacement u, odd and analytic in u, and such that one has g(0) = 0 (so that there is no acting force when the string is at rest). Theorem 1 essentially states that, for a full Lebesgue measure set of constants µ, small amplitude periodic solutions of the linear equation survive in presence of nonlinear perturbations for a relatively large set of values for the amplitude. In order to solve such equations it is convenient to write, for any |m| ≥ 1, We shall call counterterms the quantities ν m . We write the decomposition (1.15) by explicitly requesting the parity property ν m = ν −m , and we will check at the end that indeed it is possible to find functions ν m with such parity property.
We shall look for periodic solutions with period 2π/Ω, where Ω ≡ω 1 . The analysis will be performed in two steps. First we consider ε andω = {ω m } |m|≥1 as independent parameters and we assume the following Diophantine conditions: where C 0 and τ are two positive constants. As usual in literature, we shall call the two conditions in (1.17), respectively, as the first and the second Mel'nikov conditions; the frequenciesω m , |m| ≥ 2, are called the normal frequencies. We shall prove that there is a choice of the sequence ν(ω, ε) = {ν m (ω, ε)} |m|≥1 , analytically depending on ε (for ε small enough), such that there existû n,m ≡û n,m (ω, ε) solving (1.16) which are analytic in ε and are the Fourier coefficients of a function u(x, t;ω, ε) verifying the bound (1.10).
The second step consists in proving that there are functionsω m =ω m (ω, ε), with ω = {ω m } |m|≥1 , solvingω 2 m + ν m (ω, ε) = ω 2 m ; they are obtained by requesting that there is a set M such that for all µ ∈ M there exists a set E such that the functions ω m (ω, ε) are well defined and verify (1.17) for ε ∈ E. Then we have to check that both M and E have nonvanishing measure. Henceû n,m (ω(ω, ε), ε) is indeed the Fourier transform of a periodic solution of (1.1).
The result above is not new. It was proved (also in the case of periodic boundary conditions) by Craig and Wayne [6] , with an extension of the Lyapunov-Schmidt method. Later on Pöschel [19] gave an independent proof, under the only request µ > 0, based on the work by Kuksin and himself on the nonlinear Schrödinger equation [17] (see also [16] ), by writing the wave equation as an infinite-dimensional Hamiltonian system and extending properly KAM techniques. Finally Bourgain proved existence of periodic solutions for nonlinear wave equations (including (1.1)) in any dimensions, both for Dirichlet and periodic boundary conditions [3] ; this requires removing the second Mel'nikov conditions in order to deal with the multiplicities of the normal frequencies.
Quasi-periodic solutions were obtained in [16] , [20] and [2] by adding to the wave equation (1.1) a linear term V (x, u) u, containing an external potential depending on parameters, for a relatively large set of the parameter values. The case of constant non-vanishing external potential, which was excluded in the previous works, was again obtained in [17] and [19] , by performing a normal form transformation which reduces the problem to a perturbation of a linear equation with parameters (in fact the periodic case mentioned above is just a particular case of what is proved in such works). Finally the work by Bourgain (see [5] and references quoted therein) provides the more complete and general results existing on quasi-periodic solutions for nonlinear PDE equations in one-dimensional case and the only existing ones with small divisors problems in the two-dimensional case.
Our approach is based on expanding the periodic solution as a power series of ε; such power series are the analogues of the Lindstedt series for KAM invariant tori in finitedimensional Hamiltonian systems. Contrary to what happens in such a case (at least for maximal invariant tori, see [9] ), such series are not analytic in the perturbative parameter. However, whileû n,m (ω(ω, ε), ε) is not analytic in ε, it turns out that the functionû n,m (ω, ε) (that is the function obtained by keeping fixed the parametersω, without expliciting the dependence ofω on ε) is analytic in ε, provided thatω satisfies the conditions (1.17) and ε is small enough. By inverting (1.15) one writesω as a function of ω and ε ∈ E. The main advantage of such an approach is that it is rather constructive, in the sense that we obtain an explicit representation of the periodic solution on the nonlinear wave equation. As a byproduct, it turns out the analyticity ofû n,m (ω, ε) as a function of ε, at fixedω; more exactly we get the following result. 18) and assume thatω = {ω m } |m|≥1 verifies the Diophantine conditions
Theorem 2. Let us consider the equation
∀n ∈ Z \ {0} and ∀m ∈ Z \ {0, ±1}, 19) where C 0 and τ are two positive constants. There exists ε 0 > 0 and for |ε| < ε 0 a function ν = ν(ω, ε), analytic in ε, such that u(x, t;ω, ε) is a solution of (1.16) with ν m = ν m (ω, ε), analytic in (x, t, ε) and 2π/ω 1 -periodic in t.
As far as we know, the analiticity in ε at fixedω was not pointed out elsewhere; in a paper by Bourgain [4] something similar is obtained.
Our analysis of the Lindstedt series forû n,m (ω, ε) is based on Renormalization Group methods similar to the ones applied to the problem of the convergence of the series of classical KAM tori (see [7] , [8] and [11] ). In the latter problem one has to exploit a number of partial cancellations in the perturbative expansion which at the end ensure the analiticity of the series, while in the case of Lindstedt series for PDE such cancellations are absent. On the contrary here one has to perform a suitable resummation of the formal perturbative expansion, which, at the end, implies nonanalyticity of the solution; for similar results along the same direction see also [9] and [10] . Our method is based on techniques which were developed for the proof of the convergence of perturbative series for quantities of interest in quantum field theory or statistical mechanics.
Finally we remark that we are excluding the interesting case µ = 0, namely the nonlinear vibrating string equation, but we believe that our method could be used to prove a similar statement also for the µ = 0 case, for which no results are present in the literature at the moment.
Recursive relations
By (1.9), we can rewrite (1.16) aŝ 
2)
2 + . . .; of course we are using the symmetry property in (1.15) to restrict the dependence only on the positive labels m ′ . We shall refer to (2.3) as the Lindstedt series of the periodic solution, for the manifest analogy with the case of finite-dimensional Hamiltonian systems.
Remark 4.
We shall see that for fixed k the vector k can have only a finite number (≤ k) of components different from zero, which gives sense to the sum appearing in (2.2).
For |m| > 1 one hasû (1, 0) n,m = 0, while for m = ±1 one haŝ
this simply follows from the fact that we are looking for a solution which, to first order in ε, reduces to (1.7). Moreover, for m = ±1 and n = ±1, we shall choosê
By inserting (2.2) into (1.16) we obtain for (k, k) = (1, 0) the recursive equationŝ In the case m = 1 and |n| = 1 we obtain from (1.16), (1.12) and (2.3) 6) which will be regarded as an equation for fixing ν 1 , as a suitable function of ε:
It is important to realize that, thanks to the parity property (1.9), even if in principle (2.7) represent two equations (one for n = 1 and one for n = −1), so that compatibility problems could arise, in fact the right hand side of (2.7) depends only on the modulus of n: this means that the value of ν 1 computed if n = −1 is the same as the one computed if n = 1, hence (2.7) represents only one equation and it fixes ν 1 .
Remark 5.
If one computes ν −1 (corresponding to m = −1), one finds ν −1 = ν 1 (simply because for m = −1 both terms in the right hand side of (2.6) change sign), so that the parity property ν m = ν −m is immediately seen to be satisfied for m = 1.
Remark 6. Note also that the quantityω 1 n ±ω m has modulus bounded by a constant for all (n, m) = (±1, ±1) such that either |n| = 1 or |m| = 1.
Tree representation of the Lindstedt series
Note that (2.5) expressesû
so that, by iterating (2.5), at the end one can expressû
n,m , for all (k, k) = (1, 0), in terms of the only coefficientsû (1, 0) ±1,±1 , as given by (2.3). It is immediate to verify that, by such an iteration procedure, u (k,k) n,m can be written for all (k, k) = (0, 0) as sum over (rooted) trees in the following waŷ
where, if, given a tree θ, we denote with L(θ), V (θ) and E(θ) the set of lines, nodes and end-points, respectively, of θ one has
is the set of all the possible trees defined according to the following rules (see Figure 3 .1).
(1) To each end-point v ∈ E(θ) one associates the mode label (n v , m v ), with m v = ±1 and n v = ±1, such that v∈E(θ) n v = n and
and the factor εm v /4i.
(2) To each line ℓ ∈ L(θ) one associates the propagator
with momentum (n ℓ , m ℓ ), where one has
if we denote by E ℓ the set of end-points of the subtree with root line ℓ. Only the lines coming out from the end-points can have momentum (n ℓ , m ℓ ) = (±1, ±1). 
Remark 7.
It was showed in [1] that by assuming the first Diophantine condition in (1.17) with τ = 1 then the proof of the existence of periodic solution becomes quite simpler. This can be understood in the formalism described here by noting that if τ = 1 each propagator g ℓ is bounded by a constant and hence each tree is bounded by C k : for an explicit discussion see [12] . Of course assuming τ = 1 one can prove the existence of periodic solutions only for a zero measure set of values of ε. In the case τ > 1 it is not true that the propagators are bounded by a constant; there is instead a small divisor problem and a multiscale analysis is necessary: to such a case the rest of the paper is devoted.
Multiscale decomposition: clusters and self-energy graphs
We assume the Diophantine conditions (1.17). We introduce a multiscale decomposition of the propagator. Let χ(x) be a C ∞ non-increasing function such that χ(x) = 0 if |x| ≥ C 0 and χ(x) = 1 if |x| ≤ 2C 0 (C 0 is the same contant appearing in (1.17)), and let χ h (x) = χ(2 h x) − χ(2 h+1 x) for h ≥ 0, and χ −1 (x) = 1 − χ(x); such functions realize a smooth partition of the unity as
We write the propagator as sum of propagators on single scales in the following way:
Note that we can bound |g
This means that we can attach a scale label h ≥ −1 to each line ℓ ∈ L(θ), which is the scale of the propagator which is associated to ℓ. We can denote with Θ (k,k) n,m the set of trees which differ from the previous ones simply because the lines carry also the scale labels. The set Θ (k,k) n,m is defined according to the rules (1)÷(4) of Section 3, by changing item (2) into (2 ′ ) To each line ℓ ∈ L(θ) one associates a scale label
and the propagator
with momentum (n ℓ , m ℓ ).
Looking at the scale labels we identify the connected cluster T of nodes which are linked by a continuous path of lines with the same scale label h T or a lower one and which are maximal; we shall say that the cluster has scale h T . We shall denote with V (T ) and E(T ) the set of and the set of end-points, respectively, which are contained inside the cluster T , and with L(T ) the set of lines connecting them.
Therefore an inclusion relation is established between clusters, in such a way that the innermost clusters are the clusters with lowest scale, and so on. The value of a tree can be written then as
Val(θ), (4.6) with the new definition
for the tree value Val(θ). Each cluster T has an arbitrary number of lines entering it (incoming lines), but only one or zero line coming from it (outcoming line); we shall denote the latter (when it exists) with ℓ 1 T . We shall call external lines of the cluster T the lines which either enter or come out from T , and we shall denote by h 
will be called self-energy graphs or resonances (the first nome is usual in quantum field theory, the second one was introduced by Eliasson in his basic paper [7] ). In such a case we shall call a resonant line the line ℓ 1 T we shall refer to its momentum as the momentum of the self-energy graph.
The value of the self-energy graph T is defined as
where
T is the maximum between the scales of the two external lines of T (they can differ at most by a unit), and one has
by definition of self-energy graph; one has c = a when m(T ) = 0 and c = b when m(T ) = 2m.
Remark 8.
Note that, if |m| = 1 and |n| = 1 the scale of the external lines is such that h ≤ h 0 , where h 0 is a suitable constant (see remark 6): one can take h 0 = 0 for C 0 small enough. In particular this implies that no self-energy graph with m = 1 is possible; we shall repeatedly use such a property in the following.
Given a tree θ, we shall denote by N h (θ) the number of lines with scale h, and by C h (θ) the number of clusters with scale h. We will get immediately the following bound, for θ ∈ Θ (k,k) n,m and assuming |ν
and for all lines ℓ ∈ L(θ). The following result is proved in Appendix A1.
n,m and for all h ≥ 0 one has
where Let us consider a tree with no self-energy graphs and with no ν-vertices. Then by (4.10) and (4.12) we get
for a suitable constantD, and we have used that one has k = K(θ); see (3.6). On the other hand the bound for a generic tree with self-energy graphs is quite bad; this is not just a technical problem, as one can easily identify trees whose value is essentially given by C k k! α ε k , for some positive constants α and C. We have then to define a different expansion, as it will be shown in the following section.
The renormalized expansion
We have seen that the expansion envisaged in the previous sections can be written as sum over trees and some of such trees (the trees containing self-energy graphs) cannot be bounded by C k |ε| k , as they are of order of
In this section we will set up a different expansion, which, by choosing in a proper way the parameters ν m , m > 1, can be written as sum over trees in which all of them can be bounded by C k |ε| k . We introduce a localization operator acting on the self-energy graphs in the following way, for h ≥ h 0 and m > 1,
and we define the regularization operator
We shall define, for m > 1 and h ≥ h 0 , the running coupling constants , and h T < h. We are using that, by the parity properties (1.9) and (1.15), the self-energy graph values in (5.3) do not dendend on σ: we have introduced the "average" on σ just to stress such an independence and obtain a formula which manifestly depends only on m. We shall set also ν
Recall that we are assuming that we can take h 0 = 0 (see remark 6); so in the following we shall set h 0 = 0.
Then one obtainsû
where the set Θ
is the set of renormalized trees, which are defined as in the previous section (see rules (1), (2 ′ ), (3) and (4)) except that the following rules are added: (5) to each self-energy graph (with |m| > 1) the R operation is applied; (6) there are nodes v with s v = 1 such that, if the momenta of the external lines are, respectively, (n, m) and (n, ±m), with m > 1, and h is the maximal scale of the external lines (they can differ at most by 1), then a factor 2 −h ν
h,m , c = a, b is associated to v (where a corresponds to the sign + and b to the sign −).
We call regularized self-energy graphs the self-energy graphs on which R applies, and we denote with S(θ) the set of regularized self-energy graphs contained in θ. We still call ν-vertices the nodes v with s v = 1.
In the following it will be useful to define also the renormalized self-energy graphs, which are defined as the self-energy graphs except that the same items (1) and (2) as for the renormalized trees apply to the self-energy graphs and nodes contained inside.
The crucial point is now that, if |ν
h,m | ≤ C|ε| for some constant C, then each renormalied tree θ admit a good bound. First of all note that a bound like (4.12) holds also for a renormalized tree θ, namely one has the following result (proved in Appendix A2).
Lemma 2. For any tree
where the notations are as in lemma 1.
Therefore, by using lemma 2, we obtain the following result (which is proved in Appendix A3), which, under the assumption that the running coupling constants remain bounded of order ε, allows us to prove the convergence of the Linstedt series as a function of ε and the parameters ν Remark 9. One should compare the above power series expansion with the analogous Lindstedt series for invariant KAM tori in quasi-integrable Hamiltonian system (see [7] , [8] and [11] ). The main difference is that in the latter case the analogous of ν h,m | ≤ C|ε|; for a similar approach see for instance [12] or [14] .
The quantities ν (c)
h,m , for h + 1 ≥ 0 and |m| > 1, verify the recursive relations
where, by defining T <h+1 which are on scale h, the beta function 8) depends only on the scales h ′ ≤ h.
Remark 10. The validity of (5.7) can be checked from (5.3) by noting that the dependence of the value V h T (±ω 1 n, m) of a self-energy graph T on h is only through the constraint that the scale h T of T has to be such that h T < h. Then, subtracting (5.3) from the equivalent expression for h + 1, one finds (5.7).
In order to obtain a bound on the beta function, hence on the running coupling constants, we need to bound
h . First of all we note that a bound like that of lemma 2 applies also to the renormalized self-energy graphs.
To see this we first need to introduce some auxiliary notations. We enlarge the set of trees by allowing more general values for the mode labels of the end-points. More precisely we define Θ
introduced after (5.4), but by changing item (1) into the following one: (1 ′ ) We divide the set E(θ) of end-points into three sets E(θ), E 1 (θ) and E 0 (θ), where E(θ) is defined as before, E 1 (θ) is formed by end-points v with mode label (n v , m v ) ∈ Z × Z \ {±, ±}, and E 0 (θ) is either the empty set or a single end-point v 0 which has labels (n + ω m , m + m), where (n, m, m) ∈ Z × Z × Z and ω m = ±ω m /ω 1 (so that ω m is not an integer). The factors corresponding to the end-points in E 1 (θ) ∪ E 0 (θ) are just 1.
Then we have the following generalization of lemma 2 (proved in Appendix A4).
one has
where 10) while the other notations are as in lemma 1.
By using the just proved result we can show that the bound of lemma 2 extends also to self-energy graphs, as we anticipated, so obtaining the following result (see Appendix A5 for the proof). The idea is that one can deal with the self-energy graphs by imagining them as they were trees, but to do this one has allow more generalvalues for the mode labels of the end-points: the definition of the set θ ∈ Θ (k,k)R n,m takes into account exactly such a generalization.
T ′ = h ′ contained in T and the number of ν-vertices contained in T .
Then in Appendix A6 we prove the following bound for V h+1 T (±ω m , m). The main point is that, thanks to lemma 5, we can essentially reason for the self-energy graphs as for the trees. 
where K(T ) = v∈V (T ) |n v |, for some positive constants B 0 and B.
Note that in each contribution to β
h ′ ,m , there are at least M − 1 end-points; in fact the self-energy graphs (with an incoming external line carrying momentum (n, m)) with only ν-vertices are such that all the propagators have argument given byω 1 n−ω m ; hence when the L operation is applied (consisting in replacingω 1 n with ±ω m ) they are vanishing by the support properties of the propagators. This, together with the inequality M ≥ 3, implies that we can bound in (A2.2)
which follows from the very definition for the contributions arising from self-energy graphs containing only one node (hence on scale h = −1), and from the bound (A3.2) for the contribution containing at least two nodes (so that one line can be on scale h ≥ 0).
The choice of the counterterms
In this section we show that it is possible to choose
is analytic in ε for all |m| ≥ 1 and c = a, b, and, for a suitable positive constant C, one has |ν
h,m | ≤ C|ε| for all h ≥ 0 and for all |m| > 1. This and lemma 3 will prove theorem 2.
For any sequence a ≡ {a m } |m|≥1 we introduce the norm
and the seminorm
which will be useful in order to bound the counterterms. We prove the following lemma in Appendix A7.
Lemma 7.
There exists ε 0 > 0 such that for |ε| < ε 0 there is a family of intervals 
where β
If we put h =h in (6.4) we get the following identity
and (6.4), (6.5) are equivalent, forh > h ≥ 0, to
The sequences {ν
| ∞ ≤ C|ε|, can be obtained as the limit as q → ∞ of the sequences {ν
In fact, it is easy to show inductively that, if ε is small enough, |ν
h ′ , and one node carrying an ε. Then ν (q) h converges as q → ∞, forh < h ≤ 1, to a limit ν h , satisfying the bound |ν h | ∞ ≤ C|ε|.
Since the solution is unique, it must coincide with the one implied by lemma 7.
The above prescription fixes ν h,m for all |m| > 1 into the expressions ofû n,m appearing in the right hand side of (2.7).
Construction of the perturbed frequencies
In the following it will be convenient to set ω = {ω m } |m|≥1 andω = {ω m } |m|≥1 . By the analysis of the previous sections we have found the counterterms {ν m (ω, ε)} |m|≥1 as functions of ε andω, so proving theorem 2. To prove theorem 1 we have now to invert the relationsω
This is given by the following result. We shall show that there exists a sequence of sets
, and a sequence of functions {ω
there exists the limitω
and it solves (7.1).
To fulfill the program above we shall follow an iterative scheme by setting 4) and reducing recursively the set of admissible values of ε. We impose on ω ≡ω (0) the Diophantine conditions
∀n ∈ Z \ {0} and ∀m ∈ Z \ {0, ±1},
∀n ∈ Z \ {0} and ∀m, m ′ ∈ Z \ {0, ±1},
where C 0 and τ 0 are two positive constants. This will imply some restriction on the admissible values of µ, as the following result shows (see Appendix A8 for the proof).
Lemma 8. For all µ 0 > 0 the set of values µ ∈ [0, µ 0 ] such that (7.5) are satisfied for some positive constant C 0 is of full measure provided that one has τ 0 large enough.
The sets E (p) will be defined recursively as
for τ > τ 0 to be fixed. In Appendix A9 we prove the following result.
Lemma 9. For all p ≥ 1 one has
for some constant C.
This implies that there exist a sequence {ω (p) } ∞ p=0 converging toω (∞) for ε ∈ E. We have now to show that the set E has positive (large) measure.
It is convenient to introduce a set of variables µ(ω, ε) such that
the variables µ(ω, ε) and the counterterms are trivially related by
One can writeω
, ε), according to (7.4) , so that the Diophantine conditions in (1.17) can be written as
10)
Suppose that for ε ∈ E (p−1) the functions ν(ω (p−1) , ε) are well defined; then define
3 , where
is the set of values ε verifying the conditions
is the set of values ε verifying the conditions 12) and
For future convenience we shall call, for i = 1, 2, 3, also
which verify the Diophantine conditions (7.11), (7.12) and (7.13), respectively, for fixed n. We want to bound the measure of the set I (p) . First we need to know a little better the dependence on ε of the counterterms: this is provided by the following results (to be proved in Appendix A10 and in Appendix A11, respectively).
Lemma 10. For all p ≥ 1 and for all ε ∈ E
(p) one has
14)
for suitable positive constants
Lemma 11. For all p ≥ 1 and for all ε ∈ E (p) one has 15) where the derivatives are in the sense of Whitney.
Now we can bound the measure of the set we have to exclude. We start with the estimate of the measure of the set I
1 . When (7.11) is satisfied one must have (by using also the first of (7.5))
which implies, for |n| > 1 and τ > τ 0 + 1,
and also
Let us consider the function µ(ω (p−1) , ε): we can define a map t → ε(t) such that 20) describes the interval defined by (7.11); then one has
We have from (7.20)
hence
In order to perform the derivative in (7.22) we write
and the first term is bounded by the first of (7.15), while each term of the sum in (7.24) is bounded through the second of (7.15). Moreover one has
because µ m depends on ω if there are at least 2(M − 1) end-points and if |m ′ | > |m| there must be at least |m ′ | − |m| end-points. At the end we get that the sum in (7.24) is O(ε 2(M−1) |m|), and using (7.19) one has
where α M and β M are defined in the statement of lemma 10, hence
for a suitable constant c M , and, for |n| > 1 and τ > τ 0 + 1,
so that one has
which, introduced into (7.23), gives together with (7.27),
Therefore the Lebesgue measure of the set I 
provided that one has
which imposes τ > (3τ 0 + 1)/2. Now we discuss how to bound the measure of the set I
2 . We start by noting that for all p ≥ 0 one hasω
where ξ ′ = 1 and κ = O(ε 2(M−1 )) is a constant (in m).
In fact ν (p)
m is given by a sum of values of renormalized self-energy graphs T , and, for each value, the dependence on m is due to the propagators of lines along the path connecting the external lines of the self-energy graph (the self-energy graphs with no path of lines connecting the external lines contribute to the constant term κ). The propagators of such lines have the form
and the second factor in the denominator is bounded proportionally to 2 −n ℓ , while the first is bounded by a constant times m ℓ ; hence (7.34) holds with ξ = 1. As
36) where 1 = min{ξ, ξ ′ } = min{1, 2}; hence we can bound 1 n| < 1 the discussion proceeds as follows. When the conditions (7.12) are satisfied, one has
which implies
Besides of (7.11) we eliminate also the values ε verifying
for τ > τ 0 + 1 and for all (n, m) ∈ Z 2 \ {(0, 0)}. This requires to take off from E (p) a subset whose measure is bounded by a constant times ε 1+ξ 0 , as it can easily checked by proceeding as in the proof of the first of (7.11).
We can bound the Lebesgue measure of the set I Therefore for m > m 0 and L 0 defined by
where (A8.8) has been used, one has, from (7.39)
so that one has to exclude no further value from E (p−1) , provided one takes C 0 the double of the original value. For m < m 0 one has to exclude a set of measure bounded by
provided that τ ′ is such that
Finally we study the measure of the set I follows for all p ≥ 1.
We can conclude the proof of theorem 1 through the following result (proved in Appendix A11), which shows that the bound (7.47) essentially extends to the union of all I (p) (at the cost of taking a larger constant B instead of b).
Lemma 12. Define I (p) as the set of values in E (p) verifying (A9.7). Then one has
for two suitable positive constants B and ξ ′ .
The conclusion is that one has
so that the proof of theorem 1 is complete.
Appendix A1. Proof of lemma 1
We prove inductively the bound
where N * h (θ) is the number of non-resonant lines in L(θ) on scale h ′ ≥ h. First of all note that for a tree θ to have a line on scale h the condition K(θ) > 2 (h−1)/τ is necessary, by the first Diophantine conditions in (1.17) . This means that one can have N *
If K = K(θ) > k 0 , we assume that the bound holds for all trees θ ′ with K(θ ′ ) < K.
Call ℓ the root line of θ and ℓ 1 , . . . , ℓ m the m ≥ 0 lines on scale ≥ h which are the closest to ℓ (i.e. such that no other line along the paths connecting the lines ℓ 1 , . . . , ℓ m to the root line is on scale ≥ h).
If the root line ℓ of θ is either on scale < h or on scale ≥ h and resonant, then
where θ i is the subtree with ℓ i as root line, hence the bound follows by the inductive hypothesis.
If the root line ℓ has scale ≥ h and is non-resonant, then ℓ 1 , . . . , ℓ m are the entering line of a cluster T .
By denoting again with θ i the subtree having ℓ i as root line, one has
so that the bound becomes trivial if either m = 0 or m ≥ 2. If m = 1 then one has a cluster T with two external lines ℓ and ℓ 1 , which are both with scales ≥ h; then
and n ℓ = n ℓ1 as T is not a self-energy graph. Then, by (A1.4), one has, for suitable η ℓ , η ℓ1 ∈ {+, −},
where the second Diophantine conditions in (1.17) have been used. Hence K(θ) − K(θ 1 ) > E h , which, inserted into (A1.3) with m = 1, gives, by using the inductive hypothesis,
hence the bound is proved also if the root line is on scale ≥ h.
In the same way one proves that, if we denote with C h (θ) the number of clusters on scale h, one has
For a tree to contain a cluster on scale h it has to contain a fortiori a line on that scale, so that again the bound (A1.7) is trivially satisfied for K(θ) ≤ k 0 = 2 (h−1)/τ . For K(θ) = K > k 0 we can proceed inductively as before. If the node v 0 , which the root line ℓ of θ comes out from, is not in a cluster on scale h the one has
where θ 1 , . . . , θ m are the subtrees with root in v 0 ; in such a case the bound follows from the inductive hypothesis. If v 0 is inside a cluster T on scale h then call θ 1 , . . . , θ m the entering lines of T ; then one has
and the bound (A1.7) follows again from the inductive hypothesis for either m = 0 or m ≥ 2. If m = 1 then one has
where ℓ ∈ L(T ) is on scale h, while ℓ 1 is on a scale h ℓ1 > h (by definition of cluster). Therefore, if n ℓ = n 0 ℓ , one has, by the first Diophantine condition in (1.17),
while, if n ℓ = n 0 ℓ + n ℓ1 , one has for suitable η ℓ , η ℓ1 ∈ {+, −},
by the second Diophantine conditions in (1.17). So in both cases one has
so that (A1.9) implies the bound (A1.7) also for m = 1. Of course one can bound the number of non-resonant lines on scale h of any tree θ by N *
(2−h)/τ : therefore (4.12) follows.
Appendix A2. Proof of lemma 2
One has to show inductively that, by defining N * h (θ) as the number of non-resonant lines on scale h ′ ≥ h in the renormalized tree θ, one has
and that an analogous bound holds for the number C h (θ) of clusters on scale h. Let us consider a self-energy graph T in θ which is maximal, i.e. which is not contained in any other resonance. The value of such a self-energy graph is given by the product of the values of the inner maximal self-energy graphs (on which the R operation is still applied) times the product of propagators corresponding to the remaining lines; there is a chain of propagators and self-energy graphs connecting the external lines such that the momentum (n ℓ , m ℓ ) of any of such propagator or self-energy graph has the form
where (n, m) is the momentum of the external lines, and (n 0 ℓ , m 0 ℓ ) are implicitly defined; all the other propagators and self-energy graphs are independent of (n, m). Let us consider the action of R on the maximal self-energy graphs. The action of R consists in writing the self-energy graph as a sum of terms, in which one propagator
We can write
where ∂ denotes the derivative with respect to the argumentω 1 n
and we can reason as above, writing the inner self-energy graphs as a sum of terms.
Then the proof of lemma 2 proceeds exactly as for lemma 1, but in (A1.4) one has to replaceω 1 n ℓ withω 1 n 0 ℓ + t(ω 1 n −ω m ), when ℓ is along a path of lines connecting the external lines of T . But this does not change the proof because when passing from (A1.4) to (A1.5) the terms depending on t cancel out.
Appendix A3. Proof of lemma 3
By using the expression (A2.3) and (A2.4) we see that the effect of R is to improve by a factor 2
+hT the bound of the propagator corresponding to the line ℓ. In the same way, the difference of propagators in the inner self-energy graph gives the "gain"
T ′ ≤ h T . At the end (i) the propagators are derived at most one time; (ii) the number of terms so generated is ≤ k + |k|; (iii) to each self-energy graph T a factor 2 −h (e) T +hT is associated. Assuming that |ν 
where lemma 2 has been used in order to bound the number of lines on scale h, and
is due to the nontrivial action of the R operator on the self-energy graphs, while the factor
takes into account the 2 −h factors associated to the ν-vertices contributing a factor ν
so that one finds, for suitable constantsD 0 andD,
where 2 k+|k| is a bound on the number of trees in some Θ
n,m with fixed |k|, 4 k is a bound on the assignments of the labels (n v , m v ) for all end-points v, and finally 2 |k| is a bound on the labels c = a, b for all self-energy graphs.
Hence, for fixed (n, m) one has
as k ≥ min{|n|, |m|} and |k| ≥ 0, so that (5.6) is proved.
Appendix A4. Proof of lemma 4
First of all we note that the result stated in lemma 2 still holds, with no change, if we allow any integer value for the mode labels (n v , m v ) of the end-points. The only difference is that the induction has to be performed on K(θ), as it is defined in (5.10) for E 0 (θ) = ∅. So we can assume that the bound (A2.1) holds for any tree θ with E 0 (θ) = ∅. The bound (A2.1), with K(θ) replacing K(θ), trivially extends to the trees θ in Θ (k,k)R n,m with E 0 (θ) = ∅: one simply repeats the same proof as given in Appendix A2. Then we have to show that the bound (5.9) holds for trees θ with E 0 (θ) = {v 0 } = ∅: We mimic the proof of lemma 2 (hence of lemma 1): we prove the bound
for all trees θ with E 0 (θ) = ∅, again by induction on K(θ).
For any line ℓ ∈ L(θ) set η ℓ = 1 if the line is along the path connecting v 0 to the root and η ℓ = 0 otherwise, and write
which implicitly defines n 0 ℓ and m 0 ℓ .
1−h , so that (A4.2) and the Diophantine conditions (1.17) imply
Then, for K ≥ k 0 , we assume that the bound (A4.1) holds for all K(θ) = K ′ < K, and we show that it follows also for K(θ) = K.
If the root line ℓ of θ is either on scale < h or on scale ≥ h and resonant, the bound (A4.1) follows immediately from the bound (A2.1) and from the inductive hypothesis.
The same occurs if the root line is on scale ≥ h and non-resonant, and, by calling ℓ 1 , . . . , ℓ m the lines on scale ≥ h which are the closest to ℓ, one has m ≥ 2: in fact in such a case at least m − 1 among the subtrees θ 1 , . . . , θ m having ℓ 1 , . . . , ℓ m , respectively, as root lines have E(θ i ) = ∅, so that we can write, by (A2.1) and by the inductive hypothesis,
So the only non-trivial case is when one has m = 1. If this happens ℓ 1 is, by construction, the root line of a tree θ 1 such that K(θ) = K(T ) + K(θ 1 ), where T is the cluster which has ℓ and ℓ 1 as external lines and we have defined 6) so that, for suitable η ℓ , η ℓ1 ∈ {−, +}, we obtain
by the second Diophantine conditions in (1.17), as the quantitiesω 1 n +ω m appearing in (A4.5) cancel out. Therefore one obtains by the inductive hypothesis
hence the first bound in (A4.1) is proved. If E 0 (θ 1 ) = ∅, one has by (A2.1) 9) and (A4.1) follows also in such a case. Analogously one can first show that the bound (A1.7), with K(θ) replacing K(θ), holds for the trees in Θ (k,k)R n,m , hence prove the bound
for all trees θ with E 0 (θ) = ∅, so that (5.9) follows.
Appendix A5. Proof of lemma 5
Consider a self-energy graph T ∈ T (c)
h . We can consider the tree θ obtained from T by adding to it the outcoming line ℓ where Val ′ (θ) differs from (4.5) as in the first product the line ℓ 1 coming out from T is missing, and E 0 (θ) = {v 0 }. We want to prove that one has 2) if N * h ′ (T ) denotes the number of non-resonant lines on scale ≤ h ′ internal to T . Let v be the node such that ℓ 1 T comes out from v, and call ℓ 1 , . . . , ℓ sv the lines entering v; denote with θ 1 , . . . , θ sv the trees which have ℓ 1 , . . . , ℓ sv as root lines. By construction one has
and (only) one of the subtrees θ j , say θ 1 , contains the end-point v 0 . Therefore in (5.7) we can bound
by using (A2.1), and we can bound
by using (A4.1) (with n = 0). Analogously one can prove that one has
if C h ′ (T ) denotes the number of clusters on scale ≤ h ′ internal to T . Then the bound (A4.8) follows.
where η ℓ = 1 if the line ℓ belongs to the path of lines connecting the entering line (carrying a momentum (n, m)) of T with the line coming out of T , and η ℓ = 0 otherwise. Then by (1.17) one has 
Appendix A7. Proof of lemma 7
The proof is done by induction onh. Let us define J For any {ν
, where the bound (5.13) has been used. This means that J (h+1) is strictly contained inJ (h+1) . On the other hand it is obvious that there is a one-to-one correspondence between {ν spans the interval J (h) and, for ε small enough, |ν h | ∞ ≤ C|ε| forh + 1 ≥ h ≥ 0.
The previous computations also show that the inductive hypothesis is verified also forh = 0 so that we have proved that there exists a decreasing sets of intervals I 
Hence if ε is small enough then one has
Since, by definition, if ν spans I (h) , then νh spans the interval J (h) , of size 2|ε|, the size of
Finally note that one can choose ν 
which imply
from which the first two of (7.5) follow provided that one has C 2 ≥ C 0 and τ 0 ≥ 2τ 1 + 1 > 3.
(ii) Then we consider the last of (7.5). Suppose without loss of generality n > 0 and m ′ ≥ m > 0. We discuss separately the cases |ω 1 n−(ω m ′ −ω m )| and |ω 1 n−(ω m ′ +ω m )|. Let us consider first the case |ω 1 n − (ω m ′ − ω m )|; if m ′ = m + ℓ we can write
for ξ = 2 and a suitable positive K (one can take K = 2), and we consider separately the case |c ℓ,m | < C 2 |n| −2τ1−1 /2 and |c ℓ,m | ≥ C 2 |n| −2τ1−1 /2. In the first case by the second of (A8.3) one has
where the last inequality requires C 0 ≤ C 2 /2.
In the second case we can assume |ω 1 n − ω m+ℓ + ω m | < 1, because otherwise (7.5) is trivially satisfied: hence we have to consider only values of n, m, ℓ such that 0 < ω m+ℓ − ω m < ω 1 n + 1 (recall that we are assuming ℓ, m, ω 1 n > 0).
The condition |c ℓ,m | ≥ C 2 |n| −2τ1−1 /2 and the last inequality in (A8.4) imply
whereas the inequality
At fixed n, m, m ′ we can define a map t → µ(t) such that
Then one has, if I is the set of µ not verifying the Diophantine condition
where dµ(t)/dt can be obtained by noting that deriving (A8.10) with respect to t gives df (µ(t)) dt = df dµ
so that we find
(A8.14)
We can bound (A8.14) with a constant times
which is proportional to C 0 provided that one has
(iii) Now we pass to the case
, and for fixed m there is a unique |m ′ | such that |ω m ′ + ω m − ωn| ≤ 1 (so that the summation over m ′ gives only a factor 2). Moreover for n = 1 one has ω m + ω m ′ > 2ω 1 , so that, if C 0 ≤ 1 ≤ ω 1 , the Diophantine condition |ω 1 n − ω m ′ − ω m | ≥ C 0 |n| −τ0 is automatically satisfied for n = 1
At fixed n, m, m ′ , with n ≥ 2, by defining a map t → µ(t) through
and using that for n ≥ 2 one has
we have df dµ = 1 2
so that we we have to exclude further a set I
′ of values of µ with measure bounded by 20) which is bounded by a constant times
which is proportional to C 0 if τ 0 satisfes (A8.16).
because in (A9.9) there are some propagators withω and some other propagators withω ′ . However this is not a problem as we can divide the tree in the union of (properly modified, see lemma 4) subtrees, each one having all propagtors with the same kind of frequency (that is eitherω orω ′ ), and we can bound separately each of such trees.
Consider a self-energy graph T . For fixed j (see (A9.9)) call θ 0 the tree obtained in the following way. Call L 0 the set of lines containing the line ℓ we call E ′′ the set of such end-points and E ′ the set of end-points connected to lines in L j (T ), and we setẼ = E ′ ∪ E ′′ . Then we call θ 0 the tree such that L(θ 0 ) = L 0 , V (θ 0 ) = V 0 andẼ(θ 0 ) =Ẽ; note that, by construction, such a tree has also end-points with mode labels different from (±1, ±1), and |E 0 (θ 0 )| = 1 and |E 1 (θ 0 )| ≥ 0 (we use the notations introduced before lemma 4).
Consider also the subtrees which have as root lines the s lines in L 0 , respectively. One of such trees, say θ 
Finally associate to each end-point 
where Val ′ (θ) is defined after (A4.10).
Note that Val(θ 0 ), Val ′ (θ 1 ) and Val(θ i ), for i = 2, . . . , s, admit the bounds of lemma 2 and lemma 4. Therefore one has
where, for all i = 1, . . . , s, the mode labels n i and m i are given by the sum of the labels n v and m v , respectively, of the end-points of θ i . The first bound in (A9.12) follows from lemma 2 (as for i = 2, . . . , s the trees θ i haveẼ(θ i ) = E(θ i )), while the . . , ℓ (5) the five lines connected to ℓ 1 T , ordered up to down. Consider the summand j = 4 in (A9.9), and suppose that one has ℓ j = ℓ 4 = ℓ (1) . The set L 0 is formed by the line ℓ 1 T coming out from T and by the lines ℓ (2) , ℓ (3) and ℓ (4) in L 4 (T ), while L ′ 0 is formed by the lines ℓ (1) and ℓ (5) . The trees θ ′ 1 and θ 2 have ℓ 1 and ℓ 5 as root lines, respectively. In particular θ 1 contains the node v such that the line ℓ 2 T enters v, and the root line of θ 1 is the line ℓ 4 .
second one follows from lemma 4 and the fact that one has E(θ 1 ) = E(θ 1 ) + E 0 (θ 1 ) and (n, m) = (0, 0) for the node v 0 ∈ E 0 (θ 1 ), so that K(θ 1 ) = K(θ 1 ).
Analogously the bound of Val ′ (θ 0 ) can be obtained from lemma 4, which gives We can take into account the bound (A9.10) simply by noting that the factor 2 −2h ℓ j can be associated to the tree θ 1 , so that in (A9.11) we can replace Val ′ (θ 1 ) with a quantity which can be bounded by replacing the propagators of Val ′ (θ 1 ) by their squares (of course we are using that the scales are all positive). At the end we obtain the bound where K(T ) is defined in the statement of lemma 5, and the last inequality is obtained as explained at the end of the proof of lemma 6.
(vi) Suppose now that there are self-energy graphs with outcoming line in L 0 and entering line outside L 0 ; in such a case we split the renormalized part of the value of the maximal T ′ among such self-energy graphs (note that there cannot be two such maximal self-energy graphs) as RV T ′ = V T ′ − LV T ′ , so obtaining two contributions. Moreover if in the contribution in which V T ′ was selected there is still other self-energy graphs contained in T ′ with outcoming line in L 0 and entering line outside L 0 again we split the maximal T ′′ among them as RV T ′′ = V T ′′ − LV T ′′ and so on. At the end we obtain a sum of contributions such that no renormalized self-energy graph can have the outcoming line in L 0 and the incoming line outside L 0 . If we are left with a localized self-energy graph LVT , with external lines one in L 0 and the other outside L 0 , then it can be factorized away and the remaining part can be bounded as in item (v) above. In order to bound LV T ′ we note that it has exactly the form (A9.9), i.e. it contains a product of propagators g (ω), so that it can bounded exactly as above.
At the end, for a fixed choice of the scales, the total number of terms so obtained is bounded byC k , for some constantC, so that a boundC k times the right hand side of (A9.14) follows again. In the course of the above procedure we are loosing the factor 2 −h (e) T +hT , see (A3.1), for all the self energy graphs T ′ , T ′′ , ... with an external line in L 0 and another outside L 0 ; but by definition such clusters are a sequence of clusters contained one in the other, hence we have at most an extra factor 2 h for each cluster with scale h, hence the final bound is still given by (A3.2) with log 4 replacing log 2.
(vii) A similar, but simpler, analysis holds in the case m = 1; in that case ν 1 is given by (2.7).
(viii) Now we can draw the conclusion from the construction above. We can bound ω (p) (ω, ε) −ω (p−1) (ω, ε) ∞ with a constant times |ε| 2 times the same expression with In (7.28) we can write, by setting for simplicity ε = ε (p)
andω =ω (p−1) , (µ 1 (ω ′ (ε ′ ), ε ′ ) − µ 1 (ω(ε), ε)) n = (µ 1 (ω ′ (ε ′ ), ε ′ ) − µ 1 (ω(ε ′ ), ε ′ )) n + (µ 1 (ω(ε ′ ), ε ′ ) − µ 1 (ω(ε), ε ′ )) n + (µ 1 (ω(ε), ε ′ ) − µ 1 (ω(ε), ε)) n,
where we can write, from lemma 11, 5) and by lemma 10 one has
and, from lemma 11, with τ ′ verifying (7.33) and (7.46), and a constant ξ smaller than ξ ′ in order to take into account the logarithmic corrections due to (A12.12). Then the bound (7.48) is proved.
